Using distributional techniques we calculate the energy-momentum tensor of the Schwarzschild geometry. It turns out to be a well-defined tensor-distribution concentrated on the r = 0 region which is usually excluded from space-time. This provides a physical interpretation for the curvature of this geometry.
Introduction
Recently the interest in distributional solutions of general relativity [1] , especially the gravitational field of shock-waves [2, 3, 4] was increased by the consideration of scattering (test) particles in these geometries. It turns out that the scattering amplitudes are exactly calculable and that they display a particular similarity to the ones obtained in string theory. This analogy is made rigorous by considering the limit of general relativity [5] where only a two-dimensional block of the metric is quantised and the remaining part is treated classically.
The aim of the present paper is to investigate the origin of the shock-wave geometry which arises from boosting the Schwarzschild metric. As already pointed out by Aichelburg and Sexl [2] the metric becomes singular at boost velocity approaching the speed of light, even in the sense of distributions. However, by performing a clever "singular" coordinate-transformation it is possible to obtain a finite result with a sensible physical interpretation, namely an energy-momentum tensor that is concentrated on a light-like line. This is somewhat puzzling since the original geometry is considered to be a vacuum solution with zero energy-momentum tensor. Thus one may ask for the origin of curvature in the Schwarzschild space-time.
As we shall show the so-called vacuum solution is such that the energy-momentum tensor is concentrated on regions usually excluded from space-time (i.e. the origin in Schwarzschild coordinates), resulting in the physically unsatisfactory situation that curvature is generated by a zero energy-momentum tensor.
In our approach, we consider the appropriately chosen manifold as the underlying object to be given (physical) structures such as a metric tensor. Thus we include these regions of space-time in the manifold now admitting also for distribution valued metrics.
The present work shows that this is in fact possible in the case of the Schwarzschild geometry. To begin with we want to give a brief sketch of the general framework of distributions on arbitrary manifolds, since we believe that this material is important but not quite standard [6] . Afterwards we treat some simple but instructive examples.
Finally we turn to the Schwarzschild geometry and calculate its energy-momentum tensor. 1 
Mathematical Framework
Usually a distribution f is thought of as linear functional acting on an appropriate test function space C ∞ 0 (e.g. C ∞ -functions with compact support) [7] . This definition is motivated by the need to generalise the regular functionals that arise as integrals of locally integrable functions with a test function ϕ
This definition makes implicit use of the test functions defined on IR n . In order to generalise the concept to an arbitrary manifold M, we consider instead of test functions the space of C ∞ -differential n-formsφ with compact support (φ ∈ Ω n 0 ) [6] . Regular functionals arise now from locally integrable functions f on M in the following way 1 :
This suggests to define distributions as linear functionals on the space of n-forms Ω n 0 . If M is orientable with a volume-form ω everyφ defines uniquely a function ϕ ∈ C ∞ 0 such thatφ = ϕω and (2) becomes
which coincides with (1) by taking
Further generalisation is achieved by using tensor-valued n-forms with compact support as test spaces and tensor fields to define regular functionals
This furnishes a manifestly coordinate-independent definition of tensor-valued distributions (tensor-distributions) on a given manifold. These definitions are completely independent of any metrical structure on M.
1 The left-hand side of (2) assumes the existence of partitions of unity in order to define the integral.
Simple Examples
To provide an illustration of the above concepts let us consider some instructive examples.
The first example is given by the one-form
which is differentiable and closed on IR 2 \ {0}. However, (5) may also be understood as a tensor-distribution on IR 2 . This is possible since both component functions are locally integrable. I.e. the integrals
are well defined for all ϕ ∈ C ∞ 0 (IR 2 ). Let us calculate the exterior derivative of ω as tensor-distribution. In order to facilitate the calculation we employ the following
The limit in the last equation was performed using the decomposition of r
where the singular part has been isolated. This shows that the classically closed but non-exact one-form ω turns out to be a non-closed and therefore clearly non-exact one-form distribution. The above derivation made explicit use of a regularisation the result, however, is completely regularisation independent, as will become clear in the slightly more complicated next example, the (IR 3 , δ)-induced metric on a cone.
Using cylindrical coordinates the explicit embedding formula and metric are
Since the underlying manifold structure is that of IR 2 the above metric may be viewed as tensor-distribution on IR 2 . Classically the curvature of this metric vanishes, since one cuts out the region that corresponds to the tip of the cone. However, from the point of view of distribution theory this is not necessary at all. In order to calculate the distributional curvature we will start with a regularisation of (6) . A geometrically natural way of regularising the above metric is obtained by considering the cone to be the limit of a sequence of hyperbolic shells. These are given by the (IR 3 , δ) embeddings z = √ ρ 2 + a 2 cot ϑ with the corresponding metric
Again we have IR 2 as underlying manifold structure. The calculation proceeds now in a straightforward fashion using the canonical dyad and spin connection
The corresponding curvature tensor and Ricci-scalar are
where the coefficients are understood in the sense of distributions
The singular part of the last integral may be split off in a similar manner as in the previous example. This time, however, one has to subtract the order two Taylor polynomial from S ϕ . Evaluation of the limit gives
This result has the expected features: The curvature is concentrated on the origin and vanishes if the cone degenerates to a plane (i.e. if ϑ = π 2 ).
The above calculation made explicit use of our conception of the cone as being the limit of a hyperboloid. It is nevertheless possible to regularise (6) in a more abstract way by replacing θ(ρ) by an arbitrary regularisation function f (ρ) which has to vanish at ρ = 0. The chosen form of (6) guarantees that the prefactor of dρ 2 in the metric equals unity for any regularisation f (ρ) at ϑ = π 2
. These requirements are met by f (ρ) = ρ λ , Re(λ) > 0 yielding the regularised metric
A short calculation gives
which coincides with the previous result. Actually this result is completely independent of the chosen regularising function f (ρ) since repetition of the above steps with the metric
gives the same result in the pointwise limit f (ρ) → θ(ρ). Although the above examples made explicit use of a regularisation, i.e. to stick to classical calculus, the results are independent of the regularisation procedure employed.
Schwarzschild-Geometry
The usual derivation of the Schwarzschild metric takes advantage of the fact that the metric is spherically symmetric and static. This allows to fix the coordinates in a symmetry-appropriate manner and leaves two arbitrary functions in the metric [8] .
Imposition of the vacuum Einstein equations determines those functions and one obtains
As already pointed out in the introduction, the reason for the curved geometry induced by the Schwarzschild solution (7) is somewhat missing. In particular, since one explicitly used the vacuum equations, the energy-momentum tensor of this geometry vanishes leaving us with the question for the physical ground of the non-Minkowskian geometry. Let us now use this line of arguments to calculate the energy-momentum tensor of the Schwarzschild metric. Similar to the Coulomb case (8) the metric (7) is a welldefined tensor-distribution even under inclusion of the line r = 0. Furthermore we may restrict the support of the test functions to the ball r < 2m which suggests to use interior Schwarzschild-coordinates. With regard to the experience gained in the last two sections we choose the regularisation
which becomes flat space upon turning off the mass m. The calculation proceeds now in a straightforward manner, using the canonical tetrad and spin connection
From (10) one finds for the Ricci-tensor and the curvature scalar, with respect to the vielbein basis (9)
In order to evaluate these expressions we choose an explicit regularisation function f (r) = r λ . Taking the distributional limit λ → 0 gives
The second equality employed the coordinate basis for T (x) which coincides with our choice of the tetrad (9). T (x) and R(x) have the desired features: They are concentrated at r = 0 and vanish in the limit m → 0. Physically T (x) represents the source of the gravitational field that manifests itself in the Schwarzschild metric.
Finally, let us comment on two important issues, regularisation independence and type of the energy-momentum tensor.
Actually the above result could have been obtained by choosing a different regularisation. Examples are provided by f (r) = r 2 /(r 2 + a 2 ), a → 0 or by changing the dimension of the spherical part of the metric. (For a discussion of this approach the reader is referred to the Appendix.) However, all of them give the same answer. This is due to the fact that we might have done the whole calculation keeping f ∈ C ∞ at will and considering the limit f → 1 in the end. Let us briefly sketch this argument with regard to the curvature scalar
where the integral can be rewritten by partial integration
One obtains, by evaluating the boundary terms, thereby taking into account the zero of f (r) at r = 0 and the compact support of S ϕ (r) the following result
Secondly, our calculation gave only the mixed components of the energy-momentum tensor. Due to the singular behaviour of the metric the other forms simply do not exist.
However, this causes no loss of information since those forms are redundant. Moreover, the mixed form may be considered being the most "democratic" which also allows the calculation of the traces.
Conclusion
The present work advocates the use of distributional techniques to calculate (geo)metrical quantities of manifolds equipped with a singular metric. This approach is tested on sim- ) .
Therefore the limit ω → 1 becomes (R, ϕ) = 8πmS ϕ (0) = 8πmϕ (0) which coincides with our previous result.
